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KUNNETH FORMULA FOR GRADED RINGS ASSOCIATED TO
K-THEORIES OF ROST MOTIVES
NOBUAKI YAGITA
Abstract. In this paper, we study the graded ring gr∗(X) defined by K-
theory of a twist flag variety X. In particular, the Kunneth map gr∗(R′) ⊗
gr∗(R′) → gr∗(R) is studied explicitly for an original Rost motive R′ and a
generalized Rost motive R. Using this, we give examples T (X)2 6= 0 for the
ideal T (X) of torsion elements in the Chow ring CH∗(X).
1. Introduction
Let X be a smooth variety over a fixed field k ⊂ C. We assume X is geometric
cellular, i.e., X¯ = X |k¯ is cellular for the algebraic closure k¯ of k. Let p be a
fixed prime and CH∗(X) mean the p-localized Chow ring CH∗(X)(p) generated
by algebraic cycles on X modulo rational equivalence. In this paper, we study the
ideal T (X) in CH∗(X) generated by torsion elements, which is also the kernel of
the restriction map
resCH : CH
∗(X)→ CH∗(X¯) ∼= H∗(X(C))(p)
where X(C) is the complex manifold of C-rational points.
However known cases T (X) 6= 0 seem not so many. Typical examples are cases
thatX contains the Rost motive ([Ro1],[Vo2],[Vo3]). (E.g.,X are some twisted flag
varieties defined from simple algebraic groups G which have p-torsion in H∗(G(C))
[Pe-Se-Za]. Hence p = 2, 3 or 5.)
Such cases have properties T (X)2 = 0 ([Ya2], [Ya5]). We want to make exam-
ples with T (X)2 6= 0. If the Kunneth formula would hold, then T (X ×X)2 6= 0.
However, we know CH∗(X×X) ∼= CH∗(X)⊗CH∗(X¯), and this case T (X×X)2 =
0 also.
To get examples of torsion elements (e.g., T (X)2 6= 0) we use the versal twisted
flag variety ([Ka1], [Me-Ne-Za]), in stead of X×X , and hence we need to consider
arguments over some extension k′ of k. In stead of CH∗(X), we use the integral
algebraic Morava K˜(m)-theory [Ya1] (e.g., whenm = 1, it is essentially isomorphic
to the usual algebraic K∗-theory). Let us write gr(m)∗(X) the associated graded
ring of the geometric filtration of the Morava K∗-theory. Let Rn be the (original)
Rost motive for a nonzero pure symbol in the mod(p) (n+ 1)-dimensional Milnor
K-theory KMn+1(k)/p.
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Theorem 1.1. Let p = 2, 3 or 5. When n = 2 and m = 1, there is an irreducible
motive R (called generalized Rost motive) over a field k′ such that
(gr(1)∗(R2)⊗ gr(1)
∗(R2))/J2 ∼= gr(1)
∗(R)
where J2 is some ideal explicitly known (see §4 below).
Remark. We can take the above R, k′ such that R is a summand of a versal
twisted flag variety over k′ (for details of versal flag varieties, see §6, below).
Theorem 1.2. When p = 2 and 1 ≤ m ≤ n− 1, there is an irreducible motive R
over k′ such that there is an injection
(gr(m)∗(Rn)⊗ gr(m)
∗(Rn))/J2 ⊂ gr(m)
∗(R)/J2
where J2 is the ideal defined in Lemma 7.2.
Since there is an ideal I(m) ⊂ CH∗(X) with CH∗(X)/I(m) ∼= gr(m)∗(X), we
see T (X)2 6= 0 for X containing R in the preceding theorems. For each s ≥ 3, the
similar arguments work for the s-th tensor product gr(m)∗(R′)⊗s. Thus we can
show ;
Corollary 1.3. Let p = 2, 3 or 5. For each s ≥ 1, there is a twisted flag variety
X with T (X)s 6= 0 for the torsion subgroup T (X) of CH∗(X).
This paper is organized as follows. In §2, we recall the geometric filtrations of
algebraic Morava K-theories. In §3 we recall Chow rings and Morava K-theories
of the Rost motives Rn, and in §4, we consider the Kunneth formula of K-theories
for Rn. In §5 we consider when X are flag varieties containing Rost motives. In
§6, we recall versal torsors and study complete flag varieties containing R2. In the
last section, we study the maximal neighbor of the (n + 1)-Pfister quadric which
contains Rn−1.
2. geometric filtration
Let us fix a prime number p. Recall (toplogical) BP ∗(X) is the cohomology
theory with the coefficient ringBP ∗ = BP ∗(pt.) ∼= Z(p)[v1, v2, ...] for |vi| = −2(p
i−
1). The complex cobordism theory MU∗(X)(p) localized at p contains BP
∗(X) as
a natural direct summand. Moreover it is known that
MU∗(X)(p) ∼= BP
∗(X)⊗BP∗ MU
∗
(p)
Let h∗(−) be a (topogical) BP -oriented cohomology, with the coefficient ring
h∗ ∼= BP ∗/I for some ideal I ⊂ BP ∗ (e.g., H∗(−)(p), BP
∗(−), k(i)∗(−)). (More-
overCH∗(X) means the p-localized theoryCH∗(X)(p) in this paper). LetAh
∗,∗′(X)
be the corresponding motivic theory with Ah2∗,∗(pt.) ∼= h∗ = h∗(pt.) [Ya1]. Then
we can consider the Atiyah-Hirzebruch spectral sequence ([Ya1], [Ya3])
E∗,∗
′,∗′′
2
∼= H∗,∗
′
(X ;h∗
′′
) =⇒ Ah∗,∗
′
(X).
It is known H∗,∗
′
(X) = 0 if ∗ > 2∗′ and H2∗,∗(X) ∼= CH∗(X). Hence
dr|H
2∗,∗(X) = 0 and E2∗,∗,0∞
∼= CH∗(X)/I for some ideal I. Thus we have ([Ya1])
Lemma 2.1. There is a (geometric) filtration (F i) of Ah2∗,∗(X) and an ideal
I(h) ⊂ CH∗(X) such that
CH∗(X)/I(h) ∼= E2∗,∗,0∞ = ⊕iF
i/F i+1.
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Let us write the above graded ring by
gr(h)∗geo(X) = ⊕Fi/Fi+1,
and say the associated ring of the geometric filtaration of h∗-theory.
In this paper, we mainly consider the algebraic Morava K-theory. For the
coefficient ring BP ∗ = Z(p)[v1, v2, ...], the integral connected Morava K-theory
k˜(m)∗(−) is the cohomology theory with the coefficient ring
k˜(m)∗ = BP ∗/(v1, ..., vˆm, ...) ∼= Z(p)[vm],
and K˜(m)∗(X) = k˜(m)∗(X)[v−1m ]. For ease of notation, we write
k2∗m (X) = Ak˜(m)
2∗,∗(X) with k∗m = Z(p)[vm],
and K∗m(X) = k
∗
m(X)[v
−1
m ]. Here note that K
∗
1 (X) is (essentially) isomorphic to
the usual algebraic K∗-theory.
Remark. We note that k2∗m (X) = Ak˜(m)
2∗,∗(X) ∼= ABP 2∗,∗(X) ⊗BP∗ k
∗
m.
However for (2∗, ∗′) 6= (2∗, ∗), in general, we know
Ak˜(m)2∗,∗
′
(X) 6∼= ABP 2∗,∗
′
(X)⊗BP∗ k
∗
m.
We have the isomorphism
CH∗(X) ∼= ABP 2∗,∗(X)⊗BP∗ Z(p) ∼= k
2∗
m (X)⊗k∗m Z(p).
Hence I(km) = 0. We have K
∗
m(X)
∼= k∗m(X)[v
−1
m ]. However I(Km) is non-zero,
in general, which is generated by (higher) vm-torsion elements in E
2∗,∗,0
∞ of the
spectral sequence converging to k∗m(X). Let us write simply
gr(m)∗(X) = gr(Km)
∗
geo(X)
the graded ring of the geometric filtration of the integral algebraicMoravaAK˜(m)2∗,∗-
theory, and try to compute this graded ring in the next sections.
3. Morava K-theory of the Rost motive
Let Ω∗(X) be the BP ∗-version of the algebraic cobordism (defined by Levine-
Morel in [Le-Mo1], [Le-Mo2]) that is
Ω2∗(X) = ABP 2∗,∗(X) ∼=MGL2∗,∗(X)⊗MU∗ BP
∗,
where MGL∗,∗
′
(X) is the motivic cobordism theory defined by Voevodsky [Vo1].
We recall the (original) Rost motive Ra (we write it by Rn) defined from a
nonzero pure symbol a in KMn+1(k)/p ([Ro1], [Ro2], [Vo1], [Vo2], [Vo3]). Let R¯n =
Rn|k¯ for the algebraic closure k¯ of k. We have isomorphisms (with degree |y| =
2(pn − 1)/(p− 1))
CH∗(R¯n) ∼= Z[y]/(y
p), Ω∗(R¯n) ∼= BP
∗[y]/(yp).
(Here |y| is the two time of the usual degree for y ∈ CH∗(X).) For a ring A, let
us denote by A{a, ..., b} the free A-module generated by a, ..., b. For a graded ring
B, let B+ be the degree positive parts in B.
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Theorem 3.1. ([Vi-Ya], [Ya3], [Me-Su]) The restriction resΩ : Ω
∗(Rn)→ Ω
∗(R¯n)
is injective. Let In = (p, ..., vn−1) ⊂ BP
∗. Then
Im(resΩ) ∼= BP
∗{1} ⊕ In ⊗ Z(p)[y]
+/(yp) ⊂ BP ∗[y]/(yp) ∼= Ω∗(R¯n).
Take ci(y
j) ∈ Ω∗(Rn) with resΩ(ci(y
j)) = viy
j. Identifying ci(y
j) ∈ CH∗(Rn),
CH∗(Rn) ∼= Z(p){1} ⊕ ⊕jZ(p){c0(y
j)} ⊕ ⊕i,jZ/p{ci(y
j)}
where i, j range for 1 ≤ j ≤ p− 1, 1 ≤ i ≤ n− 1.
Example. In particular, we have isomorphisms
CH∗(R2) ∼= Z(p){1, c0(y), ..., c0(y
p−1)} ⊕ Z/p{c1(y), ..., c1(y
p−1)}.
Lemma 3.2. In Ω∗(R), we have the equation
vscr(y
j)− vrcs(y
j) = 0 for 0 ≤ r, s ≤ n− 1.
Proof. In Ω∗(R¯), we see vscr(y
j)− vrcs(y
j) = vsvry
j − vrvsy
j = 0. The injectivity
of resΩ implies the lemma. 
Now we compute the Morava K-theory of the Rost motive Rn. By definition,
k∗m = BP
∗/(v1, ..., vˆm, ...), and hence vi = 0 ∈ k
∗
m for i 6= 0,m.
Lemma 3.3. Let Ra = Rn and m ≥ n. Then km(Rn) ∼= k
∗
m ⊗ CH
∗(Rn).
Proof. We see pci(y
j) = vic0(y
j) = 0 ∈ k∗m(Rn) for all 1 ≤ i ≤ n − 1. Since
k∗m(R)
∼= Ω∗(R)⊗BP∗ k
∗
m, we have
k∗m(Rn)
∼= k∗m{1} ⊕ ⊕ik
∗
m{c0(y
j)} ⊕ ⊕i,jk
∗
m/p{ci(y
j)},
which is isomorphic to k∗m ⊗ CH
∗(R). 
Remark. In the Atiyah-Hirzebruch spectral sequence [Ya1]
H∗,∗
′
(Rn;K
∗′′
m )
∼= E
∗,∗′,∗′′
2 =⇒ Ak˜(m)
∗,∗′(Rn),
the nonzero differential is dr+1 with r = 0 mod(|vm|) = mod(2p
m − 2). However,
|Rn| = 2(p
n − 1). Hence if m ≥ n, then the spectral sequence collapses, in
particular
k∗m(Rn)
∼= k∗m ⊗H
2∗,∗(Rn) ∼= k
∗
m ⊗ CH
∗(Rn).
Lemma 3.4. Let 0 ≤ m ≤ n − 1. Then we have the k∗m-module isomorphism
k∗m(Rn)
∼= k∗{1} ⊕KA⊗ Z[y]/(yp−1) where
KA = k∗m/(p, vm){ci(y)|i 6= 0,m} ⊕ k
∗
m{c0(y), cm(y)}/(pcm(y) = vmc0(y)).
The restriction map induces the K∗m-module isomorphism
K∗m(Ra)
∼= K∗m{1, cm(y), ...., cm(y
p−1)} ∼= K∗m[y]/(y
p) ∼= K∗m(R¯a).
Proof. From the preceding lemma, we see that
vmcr(y
j) = vrcm(y
j) = 0, pcr(y
j) = vrc0(y
j) = 0
in k∗m(R) for r 6= 0,m. Since k
∗
m(R)
∼= Ω∗(R) ⊗BP∗ k
∗
m, we have the first isomor-
phism. Recall K∗m(X)
∼= k∗m(X)[v
−1
m ]. In K
∗
m(Rn), we have c0(y
j) = v−1m pcm(y
j).
Localized the first isomorphism by vm, we get the second isomorphism. 
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Remark. In Proposition 4.1 in [Pe-Se1], the K∗m-motive decomposition of Rn
is given. However we do note use K∗m-motives in this paper. We use Ω
∗-motives
R and K∗m(R) is defined just as Ω
∗(R)⊗BP∗ K
∗
m.
Let us write grp(A) = A
0⊕A+/p⊕pA+ for a graded ring A. Recall the graded
ring gr(m)∗(X) = gr(Km)geo(X) defined in the preceding section.
Corollary 3.5. There are isomorphisms
gr(m)∗(Rn) ∼= CH
∗(Rn)/I(m)
∼= Z(p){1, c0(y), ..., c0(y
p−1)} ⊕ Z/p{cm(y), ..., cm(y
p−1)}.
where I(m) = Z/p{ci(y
j)|i 6= 0,m}. We also have the (ungraded) K∗m-module
isomorphism
K∗m ⊗ gr(m)(Rn)
∼= grp(K
∗
m(R¯n)).
Proof. Since vmci(y
j) = 0 ∈ km(R) for i 6= 0,m, so ci(y
j) = 0 ∈ K∗m(R). Hence
the first isomorphism is immediate.
The second isomorphism follows from the isomorphism (for CH∗(R)) in Theo-
rem 3.1 using v−1m ∈ K
∗
m, in fact
K∗m ⊗ CH
∗(R) ∼= K∗m/p{cm(y), ..., cm(y
p−1} ⊕K∗m{1, c0(y), ..., c0(y
p−1)}
∼= K∗m/p{vmy, ..., vmy
p−1} ⊕K∗m{1, py, ..., py
p−1}
∼= K∗m/p{y, ..., y
p−1} ⊕K∗m{1, py, ..., py
p−1} ∼= grp(K
∗
m[y]/(y
p)).

Corollary 3.6. When n = 2, we see I(1) = 0.
The Rost motive Rn = Ra is defined from the norm variety Vn with Vn(C) ∼= vn
and a|k(Vn) = 0. In fact, there is y2 ∈ CH
∗(Vn×Vn) [Ro2] with |y2| = 2(p
n−1)/(p−
1) such that Rn = prθ(Vn) for the projector prθ defined from the correspondence
θ = yp−12 ∈ CH
dim(Vn)(Vn × Vn). In particular
CH∗(Rn ×Rn) ∼= CH
∗(Rn)⊗ Z(p)[y2]/(y
p
2)
∼= CH∗(Rn)⊗ CH
∗(R¯n).
Lemma 3.7. For h = CH,Ω, km,Km or h = gr(m) with h
∗ = Z(p), we have
h∗(Rn ×Rn) ∼= h
∗(Rn)⊗h∗ h
∗(R¯n).
4. Kunneth maps for Rost motives
Let us write
R′ = Rn1 , R
′′ = Rn2 with 1 ≤ m ≤ min(n1, n2).
Let us write CH∗(R¯′) ∼= Z[y1]/(y
p
1) and CH
∗(R¯′′) ∼= Z[y2]/(y
p
2), and
C(R′, R′′) = gr(m)+(R′)⊗ gr(m)+(R′′)
∼= CH+(R′)/I ′(m)⊗ CH+(R′′)/I ′′(m).
Then we have the decomposition C(R′, R′′) = C0 ⊕ C1 ⊕ C2
where Cs =


⊕1≤i,j≤p−1Z{c0(y
i
1)c0(y
j
2)} if s = 0
⊕1≤i,j≤p−1Z/p{cm(y
i
1)cm(y
j
2)} if s = 1
⊕1≤i,j≤p−1Z/p{cm(y
i
1)c0(y
j
2), c0(y
i
1)cm(y
j
2)} if s = 2.
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We consider some motive R such that there are maps R → R′, R”, and hence
CH∗(R′)⊗ CH∗(R′′)→ CH∗(R) which induces over k¯
(∗) CH∗(R¯′)⊗ CH∗(R¯′′)
∼=
→ CH∗(R¯).
Of course R = R′×R′′ satisfies the above conditions, however, we mainly consider
other cases.
Let J2 ⊂ C2 be defined by
J2 = ⊕1≤i,j≤p−1Z/p{cm(y
i
1)c0(y
j
2)− c0(y
i
1)cm(y
j
2)}.
Let grp2(A) = A
0 ⊕A+/p⊕ pA+/p2A+ ⊕ p2A+. Let us write
g˜r(m)(R) = gr(m)(R)/(gr(m)(R′) + gr(m)(R′′)),
K˜∗m(R¯) = K
∗
m(R)/(K
∗
m(R¯
′) +K∗m(R¯
′′)).
Lemma 4.1. Let R satisfies (∗). We have an isomorphism
K∗m ⊗ C(R
′, R′′)/(J2) ∼= grp2(K˜
∗
m(R¯)).
The map j : C(R′, R′′)/J2 → g˜r(m)(R)/J2 is injective, if we have, in the connec-
tive k∗m(R¯),
(∗∗) pyi1y
j
2, vmy
i
1y
j
2 6∈ Im(reskm) for 1 ≤ i, j ≤ p− 1.
Proof. We first note that
resK : K
∗
m(R)→ K
∗
m(R¯)
∼= Km[y1, y2]/(y
p
1 , y
p
2)
is surjective, since cm(y
j
i ) 7→ vmy
j
i . We also note that
resK(cm(y
i
1)c0(y
j
2)− c0(y
i
1)cm(y
j
2)) = vmy
i
1py
j
2 − py
i
1vmy
j
2 = 0 ∈ K
∗
m(R¯).
Hence we see res(J2) = 0.
Let C′2 = ⊕1≤i,j≤p−1Z/p{cm(y
i
1)c0(y
j
2)}, so that C
′
2
∼= C2/J2. We can show the
isomorphism in this lemma. In fact, we see K∗m ⊗ C0
∼= p2K˜∗m(R¯), K
∗ ⊗ C1 ∼=
K˜∗(R¯)/p from v−1m ∈ K
∗
m, and
K∗m ⊗ C2/J2
∼= K∗m ⊗ C
′
2
∼= pK˜∗m(R¯)/p
2.
Next, we consider the map
k∗m(R
′)⊗k∗
m
k∗m(R
′′)→ k∗m(R)→ k
∗
m(R¯)
∼= k∗m[y1, y2]/(y
p
1 , y
p
2).
Take x = cm(y
i
1)c0(y
j
2) ∈ C
′
2 so that reskm(x) = pvmy
i
1y
j
2 identifying x ∈ k
∗
m(R).
Moreover, suppose j/p(x) = 0 for j/p : C(R′, R′′)/(p, J2) → gr(m)
∗(R)/(p, J2).
Then
pvmy
i
1y
j
2 ∈ (p, vm)Im(reskm ) ⊂ k
∗
m(R¯).
This means that pyi1y
j
2 ∈ Im(reskm) or vmy
i
1y
j
2 ∈ Im(reskm). This contradicts to
(∗∗) in this lemma.
We also show that (∗∗) implies j/p(x) 6= 0 in the cases x ∈ C1 and x ∈ C0. So
(∗∗) implies the injectivity of j/p. Recall that C1, C2 are just p-torsion and j|C0
is injective. Hence the injectivity of j/p implies so of j. 
Remark. When R′ = R′′ and R = R′ × R′′ satisfy (∗). From Lemma 3.7, we
know over k,
gr(m)∗(R) ∼= gr(m)∗(R′)⊗ gr(m)∗(R¯′).
Hence j is not injective, e.g., j(c0(y1)cm(y2)) = vmc0(y1)y2 = 0, since y2 ∈
gr(m)∗(R¯′). Note py1y2, vmy1y2 ∈ Im(reskm).
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Corollary 4.2. If the map j : C(R′, R′′)/J2 → g˜r(m)
∗(R)/J2 is surjective, then
it is isomorphic.
Proof. From the surjectivity of j, the image of reskm is generated by the image of
ck(y
i
1)cℓ(y
j
2) for k, ℓ = 0 or m. These are
p2yj1y
j
2, pvmy
i
1y
j
2 or v
2
my
i
1y
j
2.
Hence (∗∗) in the preceding lemma is satisfied. 
5. flag varieties
Let G be a (compact) Lie group, and T ⊂ P ⊂ G be a maximal torus and
a parabolic subgroups. Let us write by Gk and Tk, Pk the split reductive group
and split maximal torus ( and the parabolic group) over a field k with ch(k) = 0,
corresponding to Lie groups G and T, P . Let Bk be the Borel subgroup containing
Tk. Moreover let G be a non-trivial Gk-torsor. Then X = G/Pk is a twisted flag
variety.
Petrov, Semenov and Zainoulline develop the theory of generically splitting
varieties. We say that L is splitting field of a variety of X if M(X |L) is iso-
morphic to a direct sum of twisted Tate motives T⊗i and the restriction map
iL : M(X) → M(X |L) is isomorphic after tensoring Q. A smooth scheme X is
said to be generically split over k if its function field L = k(X) is a splitting field.
Note that the complete flag variety X = G/Bk is always generically split.
Theorem 5.1. (Theorem 3.7 in [Pe-Se-Za]) Let Qk ⊂ Pk be parabolic subgroups
of Gk which are generically split over k. Then there is a decomposition of motive
M(G/Qk) ∼=M(G/Pk)⊗H
∗(P/Q)
where we identify H∗(P/Q) ∼= ⊕iT
i⊗, the sum of (degree changing) Tate motives.
Theorem 5.2. (Theorem 5.13 in [Pe-Se-Za], [Se]) The (p-localized) motive M(X)
of X = G/Bk is decomposed as
M(X)(p) =M(G/Bk)(p) ∼= R(G)⊗ (⊕iT
⊗si)
where T is the Tate motive and R(G) is some irreducible motive (called generalized
Rost motive).
It is known that the generalized Rost motive R(G) is isomorphic to the original
Rost motive Rn in the following cases.
(i) cases G are of type (I)
We consider here the cases
grH∗(G;Z/p) ∼= Z/p[y]/(yp)⊗ Λ(x1, ..., xℓ)
where the degree are |y| = 2(p + 1), |xi| = odd, and where Λ(x1, ..., xℓ) is the
exterior algebra generated by x1, ..., xℓ. The following simple Lie groups satisfy
the above isomorphism [Mi-Tod];
(G, p) =


G2, F4, E6, Spin(7), Spin(8), Spin(9) for p = 2
F4, E6, E7 for p = 3
E8 p = 5.
We call that these (simply connected) groups G are of type (I). Then from Petrov-
Semenov-Zainoulline, we know R(G) ∼= R2. From Lemma 2.1 and Corollary 3.6,
we get
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Lemma 5.3. We have the isomorphism gr(1)∗(X) ∼= CH∗(X).
Let BBk be the classifying space of Bk. Then we have the classifying map
c : CH∗(BBk)→ CH
∗(X) = CH∗(G/Bk).
Let us write CH∗(BBk) = S(t) ∼= Z(p)[t1, ..., tℓ] where |ti| = 2 and ℓ = rankpG.
There is a regular sequence (b1, ..., bℓ) in S(t) such that we have the graded additive
isomorphism
CH∗(⊕iT
⊗si) ∼= S(t)/(b1, ..., bℓ).
The Chow ring of X is known.
Theorem 5.4. ([Ro2],[Ya5]) Let G be of type (I) and rank(G) = ℓ. Then 2p−2 ≤
ℓ, and we can take bi ∈ CH
∗(BBk) for 1 ≤ i ≤ ℓ such that c(b2i−1) = c1(y
i) and
c(b2i) = c0(y
i), and there are isomorphisms
CH∗(X¯)/p ∼= Z/p[y]/(yp)⊗ S(t)/(bi′ |0 ≤ i
′ ≤ ℓ)
CH∗(X)/p ∼= S(t)/(p, bibj, bk|1 ≤ i, j ≤ 2p− 2 < k ≤ ℓ).
(ii) The Pfister quadrics.
Let (G, p) = (SO(2n+1) + 2, 2) and P = SO(2n+1)× SO(2). Then the quadric
Xq defined by the (n+1) Pfister form q is written as Xq ∼= G/P . It is well known
that R(G) ∼= Rn. For ease of arguments, we consider the maximal neighbor of the
(n+ 1) Pfister form q′. Then
Xq′ ∼= SO(2
n+1 + 1)/(SO(2n+1 − 1)× SO(2))
is generically split and R(G) ∼= Rn also.
Theorem 5.5. ([Ro1],[Tod-Wa],[Ya2]) Let X = Xq′ = G/Pk be the maximal
neighbor of the (n+ 1) Pfister quadric. Then we have the ring isomorphisms
CH∗(X¯) ∼= Z(2)[y, h]/(y
2, u0 = 2y) where u0 = h
2n−1, |h| = 2,
CH∗(X) ∼= Z(2)[h, u1, ..., un−1]/(uiuj, 2uk)
where 0 ≤ i, j, k ≤ n− 1, k 6= 0 and ui = ci(y) = viy ∈ Ω
∗(X¯).
Remark. In [Ya2], we have the Z(2)[h]-module isomorphism
CH∗(X) ∼= Z(2)[h]/(h
2n+1−2)⊕ Z/2[h]/(h2
n−1){u1, ..., un−1}
with the multiplication uiuj = 0. Identifying h
2n−1 = u0, the isomorphism in the
theorem is immediate.
Lemma 5.6. For X = Xq′ , we have the isomorphism
gr(m)∗(X) ∼=
{
CH∗(X)/I(m) if 1 ≤ m ≤ n− 1
CH∗(X) if m ≥ n.
where I(m) = Ideal(u1, ..., uˆm, ..., un−1).
More generally, a quadricXξ is called excellent if its motiveM(Xξ) is isomorphic
to a direct sum of Rost motives Rs ⊗ T
r.
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Theorem 5.7. ([Ya2]) Let Xξ be an odd dimensional excellent anisotropic quadric
with 2n− 1 ≤ dim(Xξ) = d ≤ 2
n+1− 2. Then there are elements c1(d), ..., cn−1(d)
in CH∗(Xξ) and positive integers d1(d) ≥ ... ≥ dn−1(d) such that
CH∗(Xξ) ∼= Z(2)[h, c1(d), ..., cn−1(d)]/R,
where R = (hd+1, hdi(d)ci(d), 2ci(d), ci(d)cj(d)|1 ≤ i, j ≤ n− 1).
Remark. From CH∗(X) in the preceding three theorems, we see T (X)2 =
Ker(resCH)
2 = 0 as stated in the introduction. In fact, bibj = 0 in T (X) =
(b1, b3, ..., b2p−3) for Theorem 5.4, uiuj = 0 in T (X) = (u1, ..., un−1) for Theorem
5.5, and ci(d)cj(d) = 0 in T (X) = (c1(d), ..., cn−1(d)) in Theorem 5.7.
6. m = 1 and versal flag varieties
In this section, we consider the case m = 1 related to algebraic groups. Of
course K∗1 (X) essentially is isomorphic to the algebraic K-theory K
∗(X) of X .
We simply write K∗1 (X) by K
∗(X). It is well known from Panin ([Pa]) that
K∗(G/Pk) is torsion free for each parabolic subgroup.
Lemma 6.1. The restriction map resK : K
∗(G/Pk)→ K
∗(G¯/Pk) is injective.
Moreover if G is simply connected, then resK is isomorphic for Pk = Bk from
a Chevalley result.
Corollary 6.2. Let G be simply connected. Then we have
K∗(G/T ) ∼= K∗(G¯/Bk) ∼= K
∗(G/Bk).
Let grγ(X) be the associated graded ring for the gamma filtration of K-theory
(see [Ga-Za],[Za], [Ya4], [Ya6] for details of gamma filtrations). Note that gamma
filtrations are defined both on algebraic and topological K-theories. From the
above lemma
Corollary 6.3. We have grγ(G/T ) ∼= grγ(G/Bk).
Let us consider an embedding of Gk into the general linear group GLN for some
N . This makes GLN a Gk-torsor over the quotient variety S = GLN/Gk. Let F
be the function field k(S) and define the versal Gk-torsor E to be the Gk-torsor
over F given by the generic fiber of GLN → S. (For details, see [Ga-Me-Se], [To],
[Me-Ne-Za], [Ka1].)
E −−−−→ GLNy y
Spec(k(S)) −−−−→ S = GLN/Gk
The corresponding flag variety E/Bk is called a versal flag variety, which is con-
sidered as the most complicated twisted flag variety. It is known that the Chow
ring CH∗(E/Bk) is not dependent to the choice of generic Gk-torsors E (Remark
2.3 in [Ka1]).
Karpenko and Merkurjev showed the following result for a versal flag variety.
Theorem 6.4. (Karpenko Lemma 2.1 in [Ka1]) Let h∗(X) be an oriented coho-
mology theory (e.g., CH∗(X), Ω∗(X)). Let G/Bk be a versal flag variety. Then
the natural map h∗(BBk)→ h
∗(G/Bk) is surjective.
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Corollary 6.5. If G is versal, then CH∗(G/Bk) is multiplicatively generated by
elements ti in S(t).
It is well known [At], [Ya4] that if grgeo(X) is multiplicatively generated by
Chern classes in CH∗(X), then grγ(X) ∼= grgeo(X).
Corollary 6.6. If G be versal, then grγ(G/Bk) ∼= grgeo(G/Bk).
Now we consider the case G = G1 × G2 with Gi are of type (I). Let us
write by Ri for R(Gi). (So R
i ∼= R2.) Let us write CH
∗(R¯i) ∼= Z(p)[yi]/(y
p
i ).
Take R = R(G) for a versal torsor G over k(S) with S = GLN/(G1 × G2).
Moreover let Ri = R(Gi)|k(S) for versal Gi, while they are defined over k(S
′) with
S′ = GLN/(Gi). Then these R,R
′, R′′ satisfies (∗) in Lemma 4.1.
Recall J2 = 0 in K
∗(R¯). From Corollary 6.2, we see K∗(R) ∼= K∗(R¯). Hence
J2 = 0 in K
∗(R) and so in grγ(R). From Corollary 4.2 and the above Karpenko
result, the following lemma is immediate
Lemma 6.7. Let G = G1 × G2 with Gi of type (I), and G be versal. Then the
map j : CH∗(R1)⊗CH∗(R2)→ CH∗(R) is surjective, and we have isomorphisms
grγ(R) ∼= gr(1)
∗(R) ∼= (CH∗(R1)⊗ CH∗(R2))/(J2),
K∗ ⊗ (g˜rγ(R)) ∼= grp2(K˜
∗(R¯)).
Remark. In particular, let p = 2. Then
CH∗(R) ∼= CH∗(R1)⊗ CH
∗(R2) or CH
∗(R1)⊗ CH
∗(R2)/J2.
Karpenko conjectures CH∗(X) ∼= grγ(X) in such cases. So if it is correct, then
we have the second case.
Next consider the case G = ×ns=1Gs with Gs is of type (I), with CH
∗(R¯s) ∼=
Z(p)[ys]/(y
p
s ). Let Jn ⊂ ⊗
n
s=1CH
∗(Rs) be defined by
Jn = Z/p{c1(y
i
r)c0(y
j
t )− c0(y
i
r)c1(y
j
t )|1 ≤ i, j ≤ p− 1, 1 ≤ r < t ≤ n}.
Let us write grpn(A) = A
0 ⊕A+/p⊕ pA+/p2A+ ⊕ ...⊕ pnA+.
Theorem 6.8. Let G = ×si=1Gi with Gs of type (I), and G be versal. Let R,R
i
are the Rost motives for G,Gi respectively. Then we have isomorphisms
grγ(R) ∼= (⊗
s
i=1CH
∗(Ri))/(Js),
g˜rγ(R) ∼= K
∗ ⊗ (⊗si=1CH
+(Ri)/(Js)) ∼= grps(K˜
∗(R¯)).
Here g˜rγ = grγ(R)/
∑s
i=1 grγ(R
−i) and K˜∗(R) = K∗(R)/(
∑s
i=1K
∗(R−i)) where
R−i is the (Rost) motive for the group G−i = G1 × ...× Gˆi × ...×Gs.
Corollary 6.9. Let G = ×si=1Gi and Gi be of type (I). Then we have the iso-
morphisms
grγ(G/T ) ∼= grgeo(G/Bk) ∼= (⊗
s
i=1grγ(Gi/Ti))/(Js).
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7. Pfister quadrics
In this section, we consider the case (G, p) = (SO(2n+1 + 1), 2) and P =
SO(2n+1 − 1) × SO(2). Then the quadric Xq′ defined by the maximal neigh-
bor q′ of the (n + 1) Pfister form is written as Xq′ ∼= G/P . Throughout this
section, we assume 1 ≤ m ≤ n− 1. Recall Theorem 5.5 and Lemma 5.6.
Lemma 7.1. We have, for u0 = h
2n−1,
gr(m)∗(Xq′) ∼= CH
∗(Xq′)/I(m) ∼= Z(2)[h, um]/(u
2
0, u0um, u
2
m, 2u
2
m).
Remark. If u1 is represented by a Chern class, then we have grγ(Xq′(C)) ∼=
gr(1)∗(Xq′) as above.
Next we consider the product of Pfister forms.
Lemma 7.2. Let ℓ = 2n−1. Let G = G1×G2 with Gi ∼= SO(2ℓ+1). G be versal
and R = R(G). Then the following map
j : (gr(m)∗(R1)⊗ gr(m)∗(R2))/J2 → gr(m)
∗(R)/J2
is injective for J2 = (c0(y1)cm(y2)− cm(y1)c0(y2)).
Proof. Consider the diagram for X ′ = G/Pk, X
′
i = Gi/Pk, X = G/Bk and Xi =
Gi/Bk for i = 1, 2.
CH∗(X ′1)⊗ CH
∗(X ′2) −−−−→ CH
∗(X ′)
res′
−−−−→ CH∗(X¯ ′) −−−−→ Z(2)[y, y
′]/(y2, (y′)2)y y y =y
CH∗(X1)⊗ CH
∗(X2) −−−−→ CH
∗(X)
res′
−−−−→ CH∗(X¯) −−−−→ Z(2)[y, y
′]/(y2, (y′)2)
.
Here y = y2ℓ and y
′ = y′2ℓ in CH
∗(R) identifying
CH∗(R¯1)/2 ∼= Z/2[y2, ..., y2ℓ)]/(y
2
2 , ..., y
2
2ℓ) |y2i| = 2i.
Recall that the torsion index t(Gi) = 2
ℓ. (Note that the fundamental class is
written as f = ytopttop for ttop ∈ S(t) and ytop = y2y4...y2ℓ, for details see [To],
Theorem 7.3 in [Ya5]). Hence t(G) = t(G1)t(G2) = 2
2ℓ. If 2y(y′) ∈ Im(resCH),
then t(G) ≤ 22ℓ−1 because 2y2j, 2y
′
2j′ are in Im(resCH) for all j, j
′. This is a
contradiction and we see 2y(y′) 6∈ Im(resCH).
Recall the Quillen operation r∆m so that r∆m(vm) = 2 in Ω
∗(R) (see [Ha], [Ya1],
[Ya5] for the properties of r∆m). If vmyy
′ ∈ Im(resΩ), then the fact r∆m(vmyy
′) =
2yy′ imlplies 2yy′ ∈ Im(resΩ), and this is a contradiction. Hence we also see
vmyy
′ 6∈ Im(resΩ). Therefore the map j is injective from Lemma 4.1. 
Remark. If K∗m(R) is torsion free (e.g., for m = 1), then J2 = 0 in gr(m)
∗(R).
Corollary 7.3. Let G = ×si=1Gi with Gi = SO(2
n+1 − 1) and G be versal. Then
we have the injection
(⊗si=1gr(m)
∗(Gi/Pi))/(Js) ⊂ gr(m)
∗(G/Pk)/Js.
Proof of Corollary 1.3 in the introduction. Take X = G/Pk. Let us write by
cm(yi) the element um ∈ gr(m)
∗(Gi/Pi) so that cm(yi) = vmyi in k
∗
m(G¯i/Pi).
Then the element
x = cm(y1)cm(y2)...cm(ys) 6= 0 in (⊗
s
i=1gr(m)
∗(Gi/Pi)))/Js,
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which is also nonzro in gr(m)∗(X)/Js ∼= CH
∗(X)/(I(m), Js). So x ∈ T (X)
s and
nonzero in CH∗(X). For G of type (I) , the case X = G/Bk is proved similarly
letting m = 1. 
Remark. For each example X , if x ∈ T (X), then it seems px = 0 and xp = 0.
Remark. For each prime p and n ≥ 2, we have the norm variety X = Vn which
contains Rn. Hence T (X) 6= 0.
Question. Is there a geometric cellular algebraic variety X such that the
following (1) or (2) is satisfied ?
(1) T (X)s 6= 0 for some s ≥ 2 and p ≥ 7,
(2) there is an element x ∈ T (X) with xp 6= 0.
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